Rotating points for the conformal NLS scattering operator 

Remi Carles 



Abstract. We consider the nonlinear Schrodinger equation, with mass-critical 
nonlinearity, focusing or defocusing. For any given angle, we establish the ex- 
istence of infinitely many functions on which the scattering operator acts as 
a rotation of this angle. Using a lens transform, we reduce the problem to 
the existence of a solution to a nonlinear Schrodinger equation with harmonic 
potential, satisfying suitable periodicity properties. The existence of infinitely 
many such solutions is proved thanks to a constrained minimization problem. 



1. Introduction 

We consider the pseudo-conformally invariant nonlinear Schrodinger equation 

(1.1) idtu+^Au^\u\^/'^u, (t,x) e R X R'^, d ^ 1. 
Two types of initial data are of special interest: 

(1.2) Asymptotic state: ?7o(-t)it(t) I = w±, where J7o(0 = e*^^. 

(1.3) Cauchy data at i = : U|t=o — "o- 

It is well known that for data u± G Y, = n J-{H^), where 

(1.4) ^/(^) - '^"(^^ - (^ 

(1.1)-(1.2) has a unique, global, solution u e C(R; E) ([17], see also [10]). Its 
initial value u^t^Q is the image of the asymptotic state under the action of the wave 
operator: 

W|t=o = W±u±. 
Similarly, if uq E S, (1.1)-(1.3) possesses asymptotic states: 

3u± e S, \\Uo{~t)u{t) - it±||s — * : u± ^ WI^uq. 

The scattering operator associated to (1.1) is classically defined as 

S = W^^ o : u_ u+. 
It maps E to E, and is unitary on i^, and on H^: 

\\S{u-)\\L^ii'i) ^ Wu^Wl^r") ; ||V5(w_)||i2(R,d) = ||Vu_||i2(Rd). 
This follows from [17, 38, 18]. 

Besides the existence of the wave and scattering operators, it seems that very 
few of their properties are known. By construction, these operators are continuous 
on E. When d ^ 2 (the nonlinearity is smooth), these operators are real analytic 
on E; see [7]. 

This work was supported by the French ANR project R.A.S. (ANR-08-JCJC-0124-01). 



2 



R. CARLES 



It is rather reassuring to check that the operators W± and S are not trivial, 
showing that averaged in time nonlinear effects may not be negligible. Following 
[15] for the case of the wave equation, we can prove for instance that in L^(R''), 
and as e ^ 0, 

(1.5) S (ew_) = - i£i+4/'^P(ii_) + O (e^+s/'^) , 
where 

/ + 00 
Uoi-t)(\Uo{t)u.\^/''U„it)u\dt. 

We refer to [9] for a proof (in the present small data case, it suffices to assume that 
U- G L^(R'')). Explicit computations show that P{u^) ^ when u_ is Gaussian, 
therefore S is not the identity. 

A few algebraic properties are available. Let C denote the conjugation f ^—^ f. 
The invariances of the equation show that 

(1.6) W±^CoW^oC, 

an identity which was noticed in [12] (see also [10]). Due to the invariance of (1.1) 
under translation and gauge transforms, 

S(u^(- +a)) ^ S(u)(- +a), Va G R'', 

(1.7) ) ■ 

S (e^^w^) = e'''5(u_), Vr/ e R. 

Another algebraic relation was established in [9] , which seems to be bound to the 
conformal case, contrary to (1.6) and (1.7): 

In [1], a remarkable property was proved for the scattering operator associated to 
the energy-critical wave equation 

(1.8) - Au + ; a; e R^ 

Using the notion of profile decomposition, as introduced in [16, 29], the authors 
prove in [1] that the scattering operator associated to (1.8), and defined on the 
energy space, enjoys a surprising nonlinear superposition principle. It follows from 
[21, 14] that a similar result holds for the Schrodinger analogue of (1.8), 

idtu+'^l\u^\u\'^u ; a; G R^. 

We give more precise statements in an appendix, where we also discuss the case of 
(1.1). In this paper, we show the existence of infinitely many fixed points for S, 
and more generally: 

Theorem 1.1. Let d ^ 1 and S : s- T. be the scattering operator associated 
to (1.1). For any 9 e [0, 27r[, there are infinitely many Junctions Cz T, such that 
S{u-) = e'^u^. 

Remark 1.2. For 9 e]0,27r[, this result yields another evidence that S is not 
trivial. 

Remark 1.3. For 9 — 0, this shows the existence of infinitely many fixed 
points. Similarly, for 9 = 2Trp/q, p,q G N*, this shows the existence of infinitely 
many periodic (or cyclic) points, for any given period. 

Remark 1.4. We construct solutions of the form 

. 1 t M:i_j(|+2j-f )arctant , f X \ 

u(t,x) = Txre 1+*^ ^ V2 J ^ , , 
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where j £ N \ {0} and (jfj € S. The profile (f>j is given by the nonhnear eigenvalue 
equation (3.1) with ly = d/2 + 2j + 9/tt. 

Remark 1.5. In semi-classical analysis, the scattering operator appears in some 
cases to describe solutions which pass through a focal point. In the presence of an 
isotropic (but not necessarily) harmonic potential, focusing at one point occurs 
periodically in time, and the scattering operator is iterated each time a focal point 
is traversed; see [6] and references therein. The existence of fixed points, and more 
generally, of periodic points, shows that the nonlinear dynamics may reveal some 
periodicity in time, at leading order in the semi-classical limit. 

Remark 1.6. Not aU the functions in E arc such that S{u^){x) ~ e'''(^''u_ (x) 
for some real- valued function h (not necessarily constant). Arguing by contradiction 
and using (1.5), one can show that there exist two functions u_ and w_ in S such 
that 

\u-{x)\ = \u_{x)\, and \S{u.){x)\ ^ \S{u-){x)\. 

See [6, §7.4.3]. 

Remark 1.7. For the linear Schrodinger equation, one can construct transpar- 
ent potentials V{x). This means that one can choose a potential V such that any 
function u{t,x) = e^^*i/j{x), E £ H, solution to 

idfU H — Au = Vu 
2 

has a trivial scattering matrix; see [23] and references therein. 
In the focusing case 

(1.9) idtu+]^Au^ -\u\'^/'^u, (i,a;) e R X R'^, 

no general scattering theory is available, since finite time blow-up may occur (see 
e.g. [10, 36]). We know however that for (initial or asymptotic) data with a 
sufficiently small L/^ norm, the solution is global, and there is scattering [11]. Recall 
that the ground state given as the unique positive, radially symmetric solution to 

(1.10) -\aq + q = q'+^/\ 

yields the best constant for the following Gagliardo-Nirenberg inequality [41]: 



2a||(y|| ^2 

If 11^11^2 < ||(5||i2, then all i7^-solutions to (1.9) are global in time [41]. It is 
conjectured that the same holds true for L^-solutions; see [27, 22, 19, 39, 40, 24, 
37, 25], and references therein. 

Theorem 1.8. Let I. For any 9 G [0, 27r[, there are infinitely many func- 
tions U- £ Ti such that the scattering operator associated to the focusing equation 
(1.9) is well defined on u_, and such that S{u^) = e*^it_. In addition, 

( d 

• These functions satisfy j|M_j|^2 > f ^ ^ j ||Q||l2. 

• They are arbitrarily large in H^CEV^) (resp. in H^CRf^) if d ^ 2). 

• For all such u_ G S, there exists e > such that if G S satisfies 
\\u- — U-\\i^2 < s, then S{u-) is well-defined in Yi (in particular, there is 
no blow-up). 

Remark 1.9. We construct solutions of the same form as in Remark 1.4, but 
with different profiles (p, and in the phase, — j e N, with —2j > d/2. 
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Remark 1.10. In the defocusing case, the last property stated above is straight- 
forward, since S is defined on S. In the above focusing case, this stabihty property 
is more surprising. 

Theorems 1.1 and 1.8 rely on two steps. As shown in §2, a lens transform 
reduces the proof to the existence of time periodic solutions for the equation 

idtv + ^Av = -^i) ± \v\-^/'^v. 

Since the nonlinearity is autonomous, it is reasonable to expect solutions to the 
above equation which are standing waves, v(t,x) = e^*'^*?/'(x). The point is that 
infinitely many values for v lead to periodic solutions with a suitable period, that 
is, such that by inverting the lens transform, we get Theorem 1.1 and the exis- 
tence part of Theorem 1.8. This step is achieved in §3. The rest of the proof of 
Theorem 1.8 is given in §4. Finally, in the appendix, we discuss the nonlinear su- 
perposition principle associated to the scattering operator for (1.1), modulo some 
global existence issues which are still open so far. 

2. Reduction of the problem 
2.1. Lens transform. Let u S C(R;S) solve the more general equation 

(2.1) idtu+^Au^\u\^'^u, {t, x) eR.xR'^. 

If 



(2.2) 



2 

(Jo{d) < (T < - — - (with only a > <To{d) if d ^ 2) . 



2-d + + 12d + 4 
where ao{a) := 



4d 

then the scattering operator associated to (2.1) is well defined, from E to S; [17, 
38, 18] (see also [12, 30] where the case a = ao{d) is allowed). Introduce 

which is well defined for |t| < 7r/2, and has the same value as u at time t = 0. As 
noticed in [20, 34] (see also [4, 35]), v solves, at least formally: 

(2.4) idtV + ^Av = + |cost|'''^-2|^,|2a^^ 

Note an important feature of the lens transform (2.3): it maps the line Rt for u, 
to the bounded interval ] — §, ^[ for v. Therefore, long time properties for u are 
equivalent to local in time properties for v. 

2.2. The harmonic oscillator. Let 

H = -^A + and Unit) = e"'*^ 

denote the harmonic oscillator and its propagator. Recall some well-known prop- 
erties (see e.g. [26]): 

Lemma 2.1. We have 

ap{H) = 1^ + fc =: /fc ; keN 

and the associated eigenf unctions are given by (tensor products of) Hermite func- 
tions, which form a basis o/L^(R'*). For I £ N, the eigenf unctions associated to 
hi (resp. hi+i) are even (resp. odd). 
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In space dimension d = 1, these eigenvalues are simple, and the eigenvectors 
are given by Hermite functions ('0fc)fceN- For even indices, 4'2i is even, and for odd 
indices, "02^+1 is odd. Up to normalizing constants, we have for instance 

In higher dimensions, one considers tensor products of one-dimensional eigenfunc- 
tions; the eigenvalues 1^ > d/2 are no longer simple. We note the identity 

(2.5) UH{t + 7T)'4j{x) =e-"^''/^UH{t)tp{-x), yteR. 

Finally, as a direct consequence of Mehler's formula, local in time Strichartz 
estimates are available for Uh (see e.g. [5, 10]). Notice that since H possesses 
eigenvalues, global in time Strichartz estimates fails for Uh- 

Lemma 2.2. Let I. A pair {p,q) is admissible provided that 

- + - = t P^2, (p,g,d) ^ (2,oo,2). 
p q 2 

Consider a finite time interval I . 

1. For all admissible pair {p,q), there exists C = C{p, \I\) such that 

2. Define the retarded operator in defined by 

R{F){t,x)^ Unit- s)F{s,x)ds. 

Jln{s^t} 

For all admissible pairs {pi,qi), {p2,q2), there exists C ~ C'(pi,p2, |-^|) with 

2.3. A rotating point for S. The following lemma is standard (see [38] or 
[32]): 

Lemma 2.3. Let f e ^^(R''), and recall that Uo(t) = e'^^. 

||;7o(t)/ - A(i)/||^.(j,.) ^-^^0, where A{t)f{x) = ^-i^7(^) e^^, 

and the Fourier transform is normalized in (1.4). 
Proof. From the explicit formula 

we have the following factorization: 

U^{t) = MtDtTMt, 

where Mt stands for the multiplication by the function 2* ^ is the Fourier 
transform defined in (1.4), and Dt is the dilation operator 

m/)t')-(^/(f)- 

The lemma thus reads: U[j{t) — MtDtT — > strongly in i^, as i — > ±oo. Since 
MtDtT is unitary on L^, the lemma follows from the strong limit in L^, M^— Id 0, 
which stems from the Dominated Convergence Theorem. □ 

Lemma 2.4. Let a satisfy (2.2), and u,v e C(R; E) solve (2.1) and (2.4), 

respectively, with u\t=o = W|t=o = 4'- Then 

V {-l,x) = e^'-l'T{WZ'<l>) hx) ; v {^,x) = e'^'^ '^T {W^^) {x). 
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Remark 2.5. In the linear case, the same result holds when W± are replaced 
by Id: see (2.5). The — c?7r/2 phase shift between the two instants ±7r/2 corresponds 
to the Maslov index, and the symmetry with respect to the origin accounts for the 
fact that the harmonic oscillator rotates the phase space with angular velocity equal 
to one. 

Remark 2.6. It would suffice to consider v e C([— 7r/2, 7r/2]; L^(R'^)), and 
u £ C(R;L^(R'^)) which has asymptotic states in L^(R''). This is guaranteed if 
we assume further spatial regularity as above. In the case a = 2/d, we might also 
consider either data with small norm [11], or radially symmetric functions 
when d ^ 2 [24, 37]. However, for the construction of periodic solutions to (2.4), 
we take advantage of properties such as the compactness of the embedding E ^ 



Proof. We show: 



v{t) - e-'^^^^^T {W^\ 



— > as t — > — . 



By (2.3) and asymptotic completeness for (1.1), wc have, in L^(R''): 

y{t, x) = l—e-'^ '-^'u ( tant, —) 

{co^tf^ V 'cosi^ 

^e-*^*^'^* (f/o(tant)7.+ ) f — 

t-f-(cost)'^/2 +Hcost 

where w+ — W^^cj). By Lemma 2.3, we infer 

vit x) ~ ^- e-^^^'^'^'e'ls^l'^^ ^- - ^ 

^' t^f- (cost)''/^ (aant)''/2 +Vtantcosi/' 

The last quantity is equal to 

2 V COB t sin t cost J 



{sintY/^^'^ Vsint/ 

which converges to e^'^'^'^^^u+{-) in i-^(R'^) as t ^ tt/2. 

The case t — 7r/2 is similar, up to a symmetry with respect to the origin, 
since sin(— 7r/2) = — 1. □ 

Denote w_ = WZ^4'- We have therefore 

v(-^,x)=e+^''-''T{u^){-x) ■ v[^,x)=e-^''-''T{Su^){x). 

Conclusion. // the solution v to (2.4) with v^t^Q = (j) satisfies 

(2.6) ,(|,^)=e-'^-/2+^%(-|,-.T), 

then u_ = WZ^4> verifies S{u^) = e*^u_. 

2.4. More rotating points? In the case a ~ 2/d, the nonlincarity in (2.4) 
is autonomous: we may apply the lens transform back and forth, and change the 
time origin. The following result is then straightforward: 

Proposition 2.7. Let d ^ 1 and a = 2/d. Let v e C(R; E) solve (2.4), and 
such that 

v{t + TT,x) = e-''''^/2+*%(i, -x), V(i, x) e R X R'^. 
Then for all t £ R, v{t, •) S S is such that u*'_ = WZ^v{t) satisfies 



- 



id t 

e u_ 
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Remark 2.8. Due to the gauge invariance of (1.1), S is also gauge invariant 
- see (1.7) - and the above result may be relevant only on time intervals of length 
(at most) TT. 

2.5. The focusing case. Consider the equation: 

(2.7) idtv + ^Av^'^-^v-\v\^/'^v. 

For initial data in S, the existence of a unique solution locally in time is well-known 
(see e.g. [10]). Rather than the possibility of finite time blow-up, our interest is: 

Lemma 2.9. Suppose that (2.7) has a solution v € C([— 7r/2, 7r/2]; E). Then u, 
defined by 

1 i * / X \ 

(2.8) u(t, x) = 7776 1+*^ ^ V arctant, , 

solves (1.9). It satisfies u G C(R; S), and has asymptotic states in S, given by: 
u±ix) = e^^^^'/^T-^v (±1) (±x). 

Proof. Wc have immediately u G C(R;S), and the fact that it solves (1.9). 
To see that u has asymptotic states, given by the above formula, write, for large 
\t\: 

U^{-t)u{t,x) = ^_^l^y,^ I e-^^u{t,y)dy 

1 f 1 I * ^ ■ l-^yl'^ ( V \ 

~ -, TTTT / 7776 1+'^ ^ e ' 2' v\ arctani, , dy 

i~2i7:ty/^J {l + t^f^ V WTT¥j 

~ 1 ^-TT7T7i-47^e"*^ / e'^e'(^^^^)^v ( arctant,^J=^ dy 

-(^^^-^^y^^-^ ^ ^ .(^arctan^,-jdy 

w e±''''^/4e-*^J^-iw(arctant,±x) w e±«^'^/4j^-iu ' 

We have presented the computations in a formal way. We leave their easy justifi- 
cation to the reader. □ 

3. Construction of periodic solutions 

We construct a solution of the form 

v{t,x) ^ e-'^^ijix). 
In the defocusing case, ip must solve 

(3.1) ly^' = Hi) + W'^ip. 
In the focusing case, it must solve 

(3.2) (H-l/)l/)=: 

We have: 

PROPOSITION 3.1. Let d^ 1. 

1. If V > d/2, then there exists an even function ■;/; G S \ {0} solving (3.1). 

2. If V < d/2, then there exists an even function ■i/' G S \ {0} solving (3.2). 
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Theorem 1.1 follows from the first pomt, by considering the family (for 9 G 
[0,2^[) 

(^.).>i = {^ + 2j-^, jeN\{0}}. 

The form of the corresponding solution u given in Remark 1.4 is straightforward, 
by inverting the lens transform (2.3) (see (2.8)). 

To infer the existence part of Theorem 1.8, we can consider the family (for 
0e [0,27r[) 

(^.).>i = {^-2j-^, jeN\{0}|. 

Remark 3.2. For such solutions. Proposition 2.7 is irrelevant. Consider e"*'^^*'0(a;) 
at two different times: this amounts to a multiplication by e"* for some 77 S R. As 
we have seen, the gauge invariance of (1.1) implies that S is also gauge invariant, 
and Proposition 2.7 holds trivially for such solutions. 

Remark 3.3. Proposition 3.1 remains valid if \ip\^/'^tjj is replaced with |?/'p'^7/j, 
where the nonlinearity is iJ^-subcritical, that is, a < 2/{d—2) when d ^ 3. However, 
since the nonlinearity in (2.4) is autonomous if and only ii a = 2/d, this is the only 
case where it is reasonable to seek a solution to (2.4) of the form v{t, x) — e~'^'^*ip{x). 

At least two proofs of Proposition 3.1 are available in the literature: 

• In [33], the case of (3.2) is considered, by using bifurcation theory. As 
indicated there, the arguments presented in [31] make it possible to infer 
Proposition 3.1. 

• In [20], Proposition 3.1 is established up to the symmetry property (which 
could easily be incorporated): see [20, Theorem 1.4] for the first point, 
and [20, Theorem 1.3] for the second one. The proof there is based on 
the mountain pass lemma. 

Even though this result has been established elsewhere, we present a another short, 
self-contained proof, for the sake of completeness. 

Proof of Proposition 3.1. We proceed in the same spirit as in [3, 13]: let 

M - j.^ e S, ^(x) = V(kl) ; 1^(^)1'^'^'^^ = 1 

We consider radially symmetric functions for simplicity; in particular, these are 
even functions. The following lines essentially show that the negative part of I can 
be controlled. Denote 

S= inf I(ih). 

i>eM 

First case: v > d/2. 

We show that > (5 > -co. To see that (5 < 0, consider ip{x) = ce^'^l where 
c is such that 1}} g M, and recall that is the unique eigenfunction associated to 
h = d/2: Hip = d/2ilj. 

Suppose that we could find sequences in M along which / goes to —00. Let 
(i/'n)ngN be such a sequence; necessarily, it is unbounded in L'^(Rf-). We remark 
that {xipn)n<^'N and (V'!/'„)„gN are also unbounded in L^(R'^), with norms of the 
same order as [jV'nllL^. To be more precise, we introduce a notation: let (Q;„)„gN 
and (/3„)„gN be two families of positive real numbers. 

• We write a„ <C /3„ if limsupa„//3„ = 0. 

n — ^+00 

• We write «„ < /3„ if limsupa„//3„ < 00. 

n — >-t-oo 
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• We write a„ « if < /3„ and /?„ ^ «„. 

Let (j)n G S, with ||(/>n||L2 — > +CX). In general, up to extracting a subsequence, two 
possibilities can be distinguished: 

• I|V(/)„|1l2 > and/or \\x(f>n\\L^ > H^nlU^, 

• Or ||V<^„||i2 « \\x(j)n\\L^ ~ Unh^- 

This stems from the uncertainty principle 

11011^2 ^ ^||V(/)lU2||x0||i2. 

In our case, it is easy to see that the first possibility leads to a contradiction, since 
I{ipn) would be positive for n sufficiently large. Consider the last possible case: 
I1V?/'„||l2 « |ixV'„||L2 w ||V'n||L2. Introduce 

IIV'n||L2 

This is a bounded sequence in S, whose norm is equal to one. Up to extracting 
a subsequence, ipn converges weakly in S. Since S =— > L^(R'') is compact, (a subse- 
quence of) ipn converges strongly in L^(R''), to some ip G T, such that ||V'||l2 = 1. 
Since the embedding S ^ L^+^/'^(R'^) is compact, ?/'« 4' strongly in L^+^'''^(R''). 
We infer 

\\tpn\\L^+i/d = ||V'n||L2||V'n||L2+4/<i ~ ll^n||L2 ^ +00. 

Therefore, ipn cannot remain in M, hence the finiteness of S. 

Since the embedding S ^ LP(R'') is compact for 2 ^ p < 2d/ (d— 2) (2 ^ p ^ oo 
if d = 1 and 2 ^ p < oo if d = 2), we infer that this infimum is actually a minimum, 
attained by a non-trivial function t/i G S. Indeed, from what we have seen above, 
any minimizing sequence is bounded in L^(R'^), and therefore in E since 6 < 0. 
The Lagrange multiplier fi associated to this problem is such that 

Hi' - V'i = ^l\■^}}\'^''^i}. 

The scalar product with ■(/; yields /i < 0, since (5 < 0: 

The function \^\<^/^i{^ 0) solves (3.1). 
Second case: v < d/2. 

We show that < i5 < oo. The finiteness of 5 is obvious, and we recall that the 
uncertainty principle yields 

(3.3) /(^)^^(^-^)ll^lli2>0. 

Assume that (5 = 0: we can find a minimizing sequence g M such that %pn 
in L^. Therefore, 

o<-/(V'„) = i(iJ^„,v^„) +o(i), 

and -(An ^ in E. This implies tjjn in Lp'^^/'^: this contradicts -iAn € and 
so, (5 > 0. We see from (3.3) that any minimizing sequence is bounded in , and 
thereby in E. Up to a subsequence, such a sequence converges weakly in S, and 
strongly in n L^+^Z'', to a function ijj <E M which verifies 

Since (5 > 0, taking the scalar product with ip in the above equation shows that the 
Lagrange multiplier /i is positive. The function n'^^'^ijj then solves (3.2), hence the 
proposition. □ 
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4. End of the proof of Theorem 1.8 

Recall that for the existence part of Theorem 1.8, we apply the second point 
of Proposition 3.1 with the family (for e [0, 27r[) 



Denote by {(t>j)j^i a corresponding family of even, nontrivial solutions to (3.2). The 
fact that this family is unbounded in i7^(R'') follows by taking the scalar product 
of (3.2) with and invoking the Gagliardo-Nirenberg inequality (1.11): 



This reads: 
2a\\Q\\j - 



We have directly, for 2j > d/2 — O/n, 

m\%'>j^,\\Q\\%'- 

Therefore, 

ll'^.lli^lv^.lli. ^ ^^\\Q\\%' {2j - ^ + ^) 110,111. > C (2j ^ 

The last inequality shows that (0j)j>i is unbounded in iJ^(R^). The first inequality 
shows that if d > 2, then 

liv0,iii. >j. 

In view of Lemma 2.9, the following result completes the proof of Theorem 1.8. 

Proposition 4.1. Let v < d/2, and v{t,x) — e~'^^^ip{x), where ip solves (3.2). 
There exists e > such that if (/) £ Y, satisfies ||u(— 7r/2,-) — 4>\\l^ < s, then the 
solution V to the initial value problem 

(4.1) ^dtv + lAv^\^y^m^/d^ . = 



IS 



such that V G C([-7r/2, 7r/2]; S). 



Proof. For </) G S, the local existence of a solution -y in E is standard; see 
e.g. [5, 10]. We prove that if e is sufficiently small, then this solution cannot 
blow-up on the time interval [— 7r/2, 7r/2]. The analysis in [5] yields, since v G 
C(h7r/2,V2];E): 

v,xv,Vv G LP ([-7r/2,7r/2];L9(R'')) , V(|j, g) admissible. 

Consider the function w = v — v. It solves 

(4.2) idtw = LLw + g{v + w) - g{v) ; W|t=-7r/2 = - ?^|t=-7r/2, 

where we have denoted g{z) ~ \z\'^/'^z. To prove the proposition, it suffices to show 
that w G C([-7r/2,7r/2];I]). Let t G [-7r/2, 7r/2], and denote A = [-■K/2,t\ x R*^. 
Strichartz estimates with the admissible pair (2 + 4/(i, 2 + A/d) yield, along with 
Holder inequality: 

l|w||L2 + 4/d(£,^) C||w- W|t = _^/2||L2 

+ C (l|w||*{+4/.p^) + ll^'lli( + 4/d(B^)) l|w|L2+4/d(B^). 
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Note that the constant C can be chosen independent of i £ [— 7r/2, 7r/2], by consid- 
ering / = [— 7r/2, 7r/2] in Lemma 2.2. By spUtting / into a finite number of intervals 
Ij such that 

rWvW^/'^ < - 

'-'ll''lli2 + 4/d(/^.XRd) ^ 2' 

and repeating the same arguments finitely many times, we see that there exists Co 
such that 

for alH e / (this is essentially Gronwall lemma on a finite time interval). Therefore, 
choosing — wit=-7r/2llL2 sufficiently small, a bootstrap argument shows that w G 

Since the operators x and V do not commute with Uh, wc may introduce the 
operators 

J(t) = xsint — i costV ; K{t) = xcost + isintW. 

These operators commute with Uh, act on gauge invariant nonlincaritics like deriva- 
tives, and satisfy the pointwisc property 

(4.3) \J{t)ff + \K{t)ff = \xff + \Vff. 

We refer to [5] for more details. Applying the operators J and K to (4.2), Strichartz 
and Holder inequalities yield 

II Ju'||i2+4/d(^^) + WKwll L^+^z-^iDt) ^ - W|t=-V2lls 

+ C (llw'llli+a/dj^^) + {\\Jv\\L^+4/d(^Dt) + \\Kv\\L2+4/a^Ot)) 

+ C (lklli( + 4/d(c^) + lklli^l-4/d(J)^)) (II Jw||i2 + 4/d(^^) + ||/Cw||i2+4/d(^^)) . 

Splitting / into intervals where 

C (ll''"ll/2 + 4/d(7^.XRd) + ll^ll/2+4/d(/^xRd)) ^ 2' 

we infer that Jw,Kw G L'^^'^/'^{I x R''). Applying Strichartz inequality with 
now {pi,qi) — (oo, 2) and (p2, 92) — (2 + 4/d, 2 4/(i), we see that u), Jw, Kw G 
L°°(/;L2(R'i))^ hence w,xw,Vw e L°° {I ■ L^H'^)) from (4.3). The results in [5] 
imply that w G C([-7r/2, 7r/2]; E). □ 

Appendix A. Profile decomposition and nonlinear superposition 

Consider first the energy-critical nonlinear Schrodinger equation in space di- 
mension d — Z: 

(A.l) i9tit + ^Ait = |m|"*m ; x G R^ 

Before stating the results we want to recall from [21], introduce a definition: 

Definition A.l. If (/i^, i^, xpjgN is a family of sequences in R+\{0} x RxR'^, 
then we say that (/i^, i^, cc^jgN is an orthogonal family if 



00 , Vj 7^ k. 



The main two results in [21], which we recall below, are the Schrodinger ana- 
logues to the results in [1] for the wave equation (1.8). 
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Theorem A. 2 (Theorem 1.6 in [21]). Let (</>^)o<esji be a bounded family in 
iji(R3). Letul.^^ = e^i^cj)^ . Then, up to a subsequence (still denoted by uf:^^), there 
exist a family of positive numbers, a family {tj,x^j)j^i of vectors inJLx'Rp , 

and a family {Vj)j^i of solutions to 

idtV +^AV^O, 

such that: 

• (/ij, xpjgN is an orthogonal family. 

• For every i ^ 1, 

J-^ 1 (t-f^x-x^A 



J = l 

with 

limsup ||wf ||i,5(R.ir(R3)) — > 0, 

for every pair {q,r) with 6 ^ r < oo and 2/q + 3/r^l/2. 

In [21], wc find, since every solution to (A.l) is global in time [14]: 

Theorem A. 3 (From [21] and [14]). Under the same assumptions as in The- 
orem A. 2, consider the solutions to 

associated with the subsequence of Theorem A. 2. Then 

"'(*'^) =E^t^^- (l^'^^) +wl{t,x)+rl{t,x), 

with 

limsup (|lVr|||ioo(R,.i2(R,3)) + ||rf|jiio(R,4) + |1 Vr|||iio/3(R4)) — > 0, 

where hj,tj,x^j,wf are as in Theorem A. 2, and the nonlinear profiles Uj are given 
by: 



Note that according to the limit of ty{h^) in [— oo,+oo], the profile t/ 




L2(R3) 

2 



'J 



defined either by a Cauchy data, or by an asymptotic state. Roughly speaking, the 
contribution of is linear, since this function is the same as in the linear profile 
decomposition of Theorem A. 2, while rf is asymptotically small (thus linear) as 
^ — > cx). All in all, (leading order) nonlinear effects arc measured through the 
nonlinear profiles Uj. The orthogonality property shows that the interactions of 
the scaled profiles are negligible in the limit £ — > 0. The large time behavior of u"^ 
is given, asymptotically as e ^ 0, by the superposition of the large time behavior 
of the scaled nonlinear profiles. Since every profile Uj possesses asymptotic states, 
we see that S acts on each profile separately (as e — > 0). 

In the L^-critical case (1.1), the profile decomposition at the level is not 
merely a recasting of its counterpart, because Galilean invariance must be taken 
into account. A profile decomposition was introduced in [28] in the case d = 2, 
then generalized to the case d ^ 2 in [8] , in such a way that the improved Strichartz 
estimates in [2] yield a profile decomposition in L^(R'') associated to solutions of 
(1.1) for all d ^ 1. Due the existence of an extra invariance, we modify the notion 
of orthogonal scales and cores: 
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Definition A.4. If (/iJ,i^,a;^,^|)jgN is a family of sequences in R+ \ {0} 
R X R"* X R'', then we say that (/i^, f^, x^, ^|)jgN is an orthogonal family if 



= oo , Vj 7^ k. 



Theorem A.5 (From [28, 8, 2]). Let 1 and {4>^)o<s^i be a bounded family 
in L^(R'*). Up to extracting a subsequence, we have: 

i) There exist an orthogonal family {hj,tj, a;^, C|)iGN "in R+ \ {0} x R x R'' x R"*, 
and a family {(f>j)je'N bounded in L^(R''), such that for every £ ^ 1, 



where PH(j>j){t, x) = e^'^^ I 



y / 7 7 M 



my/^ ' \ {my 



with Vj{t) ~ e^'^ 4>j, and limsup |ir|||^2+4/d(RxR'') — * 0- 

Furthermore, for every £ ^ I, we have 

i 

(A.2) lirili.(R.)=Eli'^J-|l'=(R'') + ll^llli^(R^)+''(l) «-'^^0. 

ii) If in addition the family (0^)o<e^i *s bounded in iJ^(R'^), or more generally if 



(A.3) 



lim sup 

e-*0 J\i\>R 



(i^ — > as R —> +0O , 



then for every j ^ I, hj ^ 1, and (Cps is bounded, |^|| ^ Cj. 

Contrary to the case of (A.l), the global existence of solutions to (1.1) in the 
critical space (L^) is not known so far, hence a slightly intricate statement (as in 
[21] for the case, written at a time where the global existence for (A.l) was not 
known): 

Theorem A. 6 (From [28, 8, 2]). Under the same assumptions as in Theo- 
rem A.5, consider the solutions to 

idtu' + ^Au^ = [u'^l^/'^u'^ ; u'{Q, x) = <j)%x), 



associated with the subsequence of Theorem A.5. Consider the solution Uj to (1.1) 
such that 



L2(Rn) 



£^0 



Let I'^ a R be a family of open intervals containing the origin. The following 
statements are equivalent: 

(i) For every j ^ 1, we have 



limsup ||C/,H^2+4/d(/exR'i) < +°^' where Ij -.^ (hj) [l^ - tj) . 



(ii) limsup ||w"||^2+4/d(/=xR<') < +oo- 

£^0 



HI 
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Moreover, if (i) or (ii) holds, then — + rf + p\, where r| is given by 

Theorem A. 5, and: 



limSUp (^||p||li2+4/d(jexRd) + IIP£llL~(/^L2(R'i)) j ^^Tjlt^j^' 

If, as expected, one has /| = I*^ = R for all j, then this result is the exact 
analogue of Theorem A. 3. 
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